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,ipy cvn .szeyn wlgn `ed 9 okl ,45 `ed l"pd mixtqndn cg` lk ly zextqd mekq .1
gxkda deey `ed okl ,123456798− 123456789 = 9 z` wlgn ilniqwnd szeynd wlgnd

.9-l

df) edylk r > 0 mr x = 2 + r e y = z = 1 aivp .mieqn K xear oekp oeieeyd i`y gipp .2
lawpe (x2 − 4yz = 4r + r2 > 0 gihan

(4r + r2)2 > Kr2 ⇐⇒ (4 + r)2 > K .

.K ≤ 16 y raep r > 0 lkl miwzdl jixv oeieeyd i`y oeeikn
x = 1 y zeillk zlabd ila gipp m` ,mpn`e .K = 16 xear ok` miiwzn oeieyd i` ,ipy cvn

:lawp

L := (x2 − 4yz)2 − 16(2y2 − xz)(2z2 − xy) = 1− 24yz − 48y2z2 + 32(y3 + z3)

≥ 1− 24yz − 48y2z2 + 64(yz)3/2,

:y lawpe q = (yz)1/2 onqp .y3 + z3 − 2y3/2z3/2 = (y3/2 − z3/2)2 ≥ 0 ik

L ≥ 1− 24q2 − 48q4 + 64q3 = (6q + 1)(1− 2q)3.

.yxcpk L > 0 y wiqpe ,(1 = x2 > 4yz y oezp ik) 0 < q < 1/2 y al miyp seqal

ipy epkzi ,ipey`x p y oeeikn .irah k edyfi` xear np = k2− 1 = (k− 1)(k + 1) oezpd itl .3
.p|k + 1 e` p|k − 1 :mixwn

`"f ,np = sp(sp + 2) okle ,irah xtqn s mr k − 1 = sp miiwzny lawp oey`xd dxwna
:y raep o`kn .n = s(sp + 2)

n + 1 = s2p + 2s + 1 = (p− 1)s2 + (s + 1)2

.mireax p ly mekq `ed
:y raep .np = sp(sp− 2) okle ,k + 1 = sp ipyd dxwna ,dnec dxeva

n + 1 = s2p− 2s + 1 = (p− 1)s2 + (s− 1)2

.minly mireax p ly mekq aey `edy

micinlz 4 l dpzip ,A gipp ,zeirad zg` m` .A,B,C,D,E, F,G, H i"r zeirad z` onqp .4
zepey zel`y 9 zegtl yi ,jk m` .zepey zel`y bef sqepa laiw drax`dn `"k f` ,(zegtl)
,`"f ,xzeid lkl micinlz 3 l dpzip zel`ydn `"ky o`kn .oezpl dxizqa z`fe ,(8 cere A)
cinlz lky oeeikn .24 xzeid lkl `ed mipel`yd lka eritedy zel`y ly llekd xtqnd

.xzeid lkl micinlz 8 zexgza etzzydy raep zel`y 3 laiw
:ze`ad zeirad zeiyily 8 mr okziz zeyixcd lr dperd micinlz 8 mr zexgz ipy cvn

ABC,ADE, AFG,BDG, BFH, CDH,CEF, EGH .



miyleyna miqepiqewd htyn zlrtdn .α2 = ∠CAB e α1 = ∠CAD zeiefd z` onqp .5
y lawp 4ABD e 4ABC ,4ADC

cos(α1), cos(α2), cos(α1 + α2) ∈ Q .

mb jke ,sin α1 sin α2 = cos α1 cos α2 − cos(α1 + α2) ∈ Q mb okl

sin α2

sin α1

=
sin α2 sin α1

sin2 α1

=
sin α2 sin α1

1− cos2 α1

∈ Q .

y raep
BP

PD
=

S4ABP

S4ADP

=
AB · AP sin α2

AD · AP sin α1

=
AB

AD
· sin α1

sin α1

∈ Q .

ote` eze`a .BP = BD−PD ∈ Q mb okle PD ∈ Q y raepe ,BP
PD

= BD
PD

− 1 ∈ Q y eplaw
.AP,PC ∈ Q y mi`xn

gipdl lkepe ,okzi dfy dlilya gipp .mi`pzd z` zeniiwnd zecewp zeniiw `ly d`xp .` .6
,zerlv ieey miyleyn md 4ABC,4BCD miyleynd f` .AD < 1 :y zeillkd zlabd ila

.dxizq .AD =
√

3 > 1 f` j` .120◦ e 60◦ ly zeieef mr ABCD ziliawn mixveiy
bef xgap A1 idylk dcewpa efkxny 1 qeicxa lbrn swid lr .`ad ote`a zecewp n dpap .a
A2 oiay lbrnd zyw lr .(∠A2A1An = 60◦ `"f) 1 `ed odipia wgxndy An e A2 zecewp
z` zeniiwn A1, . . . , An zecewpd n y ze`xl lw .A3, . . . , An−1 odylk zecewp xgap An l

.yexcd

mec`a zvayn zriavy al miyp .1 `ed zvaynd rlv jxe`y zeillk zlabd ila gipp .7
xzeid lkl siqedl dlekie ,mec`a reavd ghyd ztyay zerlvd xtqn z` 2-a dpihwn
.lcb epi` mec` reavd ghyd zty swid ,wgynd jxe` lkly o`kn .l"pd dtyl zerlv 2
,32 `ed 8× 8 reaix swid eli`e ,wgynd zligza 28 xzeid lkl `ed l"pd swiddy oeeikn

.mec`a elek geld z` reavl ozip `ly raep


