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On the eight "Feuerbach circles" attached to a triangle
Pessach Hebroni
( Summary )

a) Let ABC be a triangle, AA', BB', CC' its heights, I its
orthocentre. We consider the figure from the point of view of the
geometry of reciprocal radii. Call U the point at infinity of its
plane. We have here 8 points P: A, B, ¢, A", B', ¢', H, U. Draw 6
circles with diameters D: AB, BC, CA, HA, HB, HC. The lines
containing the diameters D we consider as an other 6 cireles, and so
we get a configuration of 8 points P and 12 cirecles with the
following properties: o) on each circle there are 4 points, 3v on
each polnt there are 6 circles, T) the 6 circles on each peint form
a "complete quadrangle"™; two opposing sides of such = quadrangle are
orthogonal.

b) Draw the Feuerbach circle relative to ABC:; this cicle
contains A', B', C' and the centres of the segments D. It is also
tangent to 16 circles; these are all cirecles tangent to any three ef
the lines containing the segments D. The 3 points and 16 cirecles
above can easily be defined in a form which is invarisnt w. r. t.
Inversion Geometry.

¢) By an inversion W with any of the 8 points P other than U
a8 centre, the 6 circles through that point became a straight lined
triangle M, and its heights. Call the corresponding Feuerbach circle
F(P). Repeating the inversion W we revert to the original fiegure and
F(P) becames a circle F(P). The images of the 9 Feuerbach points and
16 Feuerbach circles of F(P) are invariantly related to F(P) and our
whole configuration, and F(P) becomes thus equivalent to the -
original Feuerbach cirele F(U). There are thus 8 "Feuerbach” cirecles
attached to a triangle. Especially, taking P=H, we have:

The circumcircle of a triangle is tangent to 16 cireles, each
of which is tangent to three of the six circles whose dismeters are:
HA, HB, HC, AA', BB', e@¢'.

On function systems of Tchebyscheff belonging to a given interval
Baruch Germansky
( Summary )

The infinite sequence of real valued functions wwﬁwuu k=0,1,...
defined and continuous in the open interval I: a<x<b is called a
Tchebyscheff system in the sense of Be rnste in (T.-B.-system)
for I if the generalized polynomial wﬁﬂvnmowohxu+...+mzwwﬁwv with
real coefflcients a_,...;,4

0 n
1, when zeros m at which P(x) does not change its sign are counted

not all vanishing has at most n zeros in

twice, while it is o6alled a Tchebyscheff system in the sense of
Feket e (T.-F.-system) when polynomials P(x) as described before
have in I n zeros at most, each zero being counted once even when
P(x) does not change its sign at them. It is clear that every T.-B.-
system is also a T.-F,-system. In the present note it is shown that
also the converse is true, the proof being based on the following

Lemma. From every polynomial of a T.-B.-system for I
possesging (among others) k distinect zeros in I at which
mHHVLMHHwﬂwdﬁHV dges not change its sign, one can deduce a second
@OHQBMMmmH @ﬁmvmmmuddwﬂﬁwv of the same T.-B.-system possessing in I
at least k distihcét zeros more than P(x).
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A lemma on the radical and an application
Jakob Levitzki
{ Summary )

In the present note we use the term radical to denote the sum
of all nilpotent ideals of a ring S (Notation: N(S)=radical of S).
In 32 the following lemma is proved: If N(S)=0 and A is a left
ideal, then N(A)=M(A), where M(4) is the left annihilator of A
(i. e. the set of all elements x such that xgA and Ax=0). By using
this lemma we prove in 33 that each right or left nil-ideal of =
ring which satisfies a polynomial identity (in short: PI-ring)
belongs to the lower radical of S. As a consequence of this theerem
it follows that in each PI-ring the radicals in the sense of -Koethe
and in the sense of Baer exist, and coincide with each other.
Hence, each PIl-nilering coincides with its lower radical. Since the
lower radical of a ring is semi-nilpotent, this consequence

includes a theorem due to Kaplansky [3] who proved that each
PI-nil-ring is semi-nilpotent.

The product of sequences
with a common linear recursion formula of order 2
Dov Jarden and Theodor Motzkin
(Summary)
A recurring sequence ﬁmﬁy of order r with the alternating
scale A gee s, where 8 _,+.¢0,8

r 0
a a_+0, 1s a mmpaWSQm wow which

or
M.nlh HV ﬁﬂHH.THO ﬁ ”-iuIH Om Minlv
We consider k-1 wmwwv recurring sequences AES ) (1=1,...,k=1) of

order 2 with the common alternating scale a,b,c. The fundamental

o~ 8re arbitrary complex numbers with

) with the alternating scale a,b,c is defined

ky . ky _
by U, =0, U;=1. We call ﬁﬁuq qxqwiw...qw;w+w\qpqm...cw_ and ﬁovq-p_

a generalized binomial coefficient, formed from the sequence (U ).

Theorem l. The sequence ﬁw :HlHah»Vv whose n-th term is the
product of the n-th terms of k-1 Wuw wmaﬂwwwﬁm sequences Aéwwvv_
n-u
Hmozﬂwwmw sequence of owamwwmnﬂwﬁw the alternating scale

mﬁﬂ,ﬁov AHVG. ﬁM"Ou.-.-Wuu
i. e. we have w ﬁ HVHAWVthHVHWV . &
2= k- c i/Unti

Theorem 2. wOﬂHmmm fundamental recurring sequence ﬁqﬁv with

recurring sequence Aqﬁ

) with the common alternating scale a,b,c (ac+0), is a

the alternating scale a,b,l, where a and b are integers, every

()= U /U U 00 U,

generalized binomial eocefficient ;

x wlw... k~-1i+1l

k>0, is an integer.
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