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Finite differential polynomials
Shimshon Amitsur

(Summary)

The object of the present communication is to determine the
finite differential polynomials over g qQuasi-field of characteristio
p~A0. The nase of characteristic zero was determined by qmoocmomu.

Let K be a quasi-risld of characteristic A0 with a derivation
a--a'=aD. Denote by Hmau the rine of all diferential polynomials
over K, that is, mﬁﬂu ls the ring of all nolynomials in t with
coefficients in X written on the right of the powers of ¢t and the
multiplication is defined in K[t] by: at=ta+a’ for each agX.

A polynomial g(t) is a finite volynomial if the right ideal
g{t)K[t] is 2 two sided ideal and the highest coefficient of o(t) is
l. The following result is proved: The ring X[t] contains finite
polynomigls exXept the unity if angd only if the elements of K satisfy
a8 differential equation of the type:

@u ﬁdlew

| mH+-.-+N mw+NG|UNHO

where c*ummuo and the coefficients a; comnugss with the elements of

. e e=-1
£. That 1s, the derivation DP +DP mH+...+Umm Hmmawnﬂmﬂ amwwdmdwaa

in K

(A ) w:u +Z

Let equation (A) be a differential equation of minimum degree
of that type whieh is satisfieqd Dy the elements of X. Then, the

| e e-1
polynomial g(t)=tP +¢P mH+...+dmm+v ls a finite polynomial ang each

polynomial h(t)Al is finite if ang only if h(t)=g(t)%+e(t)0-1

where Cy; are constants which belongs to the centre of K. The set of
the finite polynomials of £[t] coincides with the set of the

polynomials with the highest coefficient 1 whlch belong to the centre
of X[t].

Let X be a commutative field of characteristioc A0, then by a
theorem of meOdmomm we obtain the followine corollery:

Ihe ring of all differential polynomials X[t] over a commutetive
field of characteristic pA0 contains finite polynomials of degree
m>0 if and only if ﬁmumvuumnaousﬁmﬂm C 1s the field of constants of

“u

X. The finite polynomial of minimum Ion-zZero degree is of degree @m.
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Zxtensions of Wolstenholme's Theorem
Nathan Eljoseph
( Summary)

Notations. Let mWﬁBQ and dﬁﬁsv resp. denote the

expressions MWIH\wW mﬂmJMMHﬂW vhere tg€Z(m) and Z(m) is the sroup of
the integers mmmm than m Wﬁa coprime to m. An odd prime » is called
a singular prime of the nrderad pair m,k if (i) @_Eu (ii) p-1|k,
(1ii) there is n» p'|m for which p'=1 mod p: lhe product of the
singular primes is denoted by mwﬁaw. LT there is no singular orime

then WWABVHH.

In this paper the following theorems are proved:
Grouys A.
Theorem 1. ewﬁauno mod B\mwﬁav.

Theorem 2. If T (m)=0 mod m/A then P .{m)'A. Hence, Theorcm 1
supplies a best possible divisor of T (m) .

sheoren. 3 “2a-1(m)=0 mod m. This 1s a specinal case of Theorem 1.

Theorem 4. If for each o' 'm (ndd o) n-1|k then awhavnagau mod m.

G roup 3 .

Theorem 5. For an ndd m, mmmrwﬁsvlo mod BM\mmAEV and for an
even m, mmmnwABVno mod Em\mwmﬁav. Jere wmﬁav is the product of the .

singular primes of the ordered palr m,2a not dividing 2a-1 (or 1 if
there is no such prime).

K

Iheorem 6. If for an odd m, mmmrwhﬁvno mod Ew\b_ or for an

even m, mmmlwﬁauto mnd BM\NPH then mmAEv_b.

It is easily seen that Theorem 5 is an extension of
Wolstenholme's and Leudesdorf's Theorems. Theorem 6 shows that this
extension is the best possible ons. 1t also shows that for a=1
Leudesdorf's Theorem is not the best extension possible of
Wolstenholme's Theorem in all its five cases. (See: dardy-Wright,
a0 Introduction to the Theory of Numbers, Chap. 3).

lethod of 2roof: T, (0°) is calculated by means of Bernoulli's
Theorem and the nature of eﬁhwov_aon ﬁ@ follows using the Clausen-
Staudt Theorem on the numbers of 3Sernoulli. The theorems of Group A
are obtained with the help of the following identity:

i<
ewhavlu HWHEHVAHI@ V+Wwpﬁuvﬁw awiuﬁapvauﬁm ) whers m=m and nfm

1P 1

the theorems of Group 3 follow from those of Group A by the
following congruence: mmumrwﬁavn:ﬁmmuvaHMJhEv mod m=.

QIHH
A 8lmple proof of Wolstenholme's Theorem is added. Let mnM =

B n=1-
asmu.mmummmﬁm+-usv or mﬁnmwmmmﬂMHMq. We are to prove that ]
p-1 p=1

i == 5D )
_MMIIdIIi%IQ mod n or Mw H\z =0 mod p. 3ut, mod p the integers . “
n=1-+'P-0 n=1 -IW > aﬂw 5
1,2,.v.,p-1 form = multiplicative groun, hence W 1/n~=> n<=
. i s S R T | =1

H@IHvdﬁmwlwu\mlo,Eaa 2 wow.ﬁvmh | .
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Simple proof of Leudesdorf's theorem
in cases of a modul non-divisible by 6

Sshlomo Zakay and Dov Jarden
( Summary)

wamw*mﬂmdwaaow woqwsmdﬁmdwmawmaowﬁopmﬁmmsowamAwgﬂmom
Lematematika 3, p. mmimww 1s here generalized to prove Leudesdort's
theorem, in cases of a modul non-divisible by 6. The proof follows
immediately from certain identities, in cases of an o0dd modul or

owmﬁoacwgmwﬂmmﬁoawwow mudcdwﬁwm@zmwmmmm auxiliary lemma
otherwise. |
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An alternative proof of a theorem »f equivalence
concerning axioms of natural numbsrs

Baruch Germansky

(Summary)

In the proof of the theorem of equivalence in question brought
1n the Riveon Lematematika 3 (1349), p. 65, the author uses the
proposlition of connexity of the set of natural nunbers relatively ton
the primitive relation R (of succession) of the set of axioms of

Peano. In this paper a direct proof’ of the theorem in question is
given.
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