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THE MINIMAL TARRY-ESCOTT PROBLIEN
( Summary )

_ sri Jabotinsky

7 The main result is contained in Theorcms 8 and 9, which may De
. summarized as follows:

Let mmﬁwu be polynomiels in z defined by the rceccurrence
relation: P ,(z)=2.P (z)-P_ _,(z), with the initisl conditions:

. . HH.‘IM
2 (z)=0, P,(z)=P,(z)=1, muﬁuvum+u. If n|m, then 2 (z) divides ? (z].
P (z) is the product »f factors apnnearing in the P (z) Tor which m_a

B 2 | n
i and of a ncw factor thNV_ cnlled the n-th characterstic polyn-mial

" Af the Tarry-Escott problemn.

Let a,b,x,v be four parameters. Then the following Algebrailc
il Il

. congruence holds: (I) > T_J,.._HH z) ] rM ﬂ H_%MNZW riod WEHNV.
L"H - ._ ;

. whero Lo (x,v752)=p, (2).xtq (2) .y, uaﬁx_w_mvimaﬁmv.w+pmlpﬁ ). v, withs:

{ s o) ..I. : L " ) |

J ﬁaﬁqu paiuﬁmv. uﬁu#ﬁmv £ +maumhwv LA £

b a (z)=2 _,(z)[-P _,(z).a +2__,(z).b ], and: a'=(z+l)a-b; b'=a+tb.

| E_ it SO U 31ﬁ<_3m
| The above propositiosn is established after gssumImg the
b following Lomma contained in Theorem 7:

r Lenina. rud_: be given. Then, if there oxist hnmogenenus linear
| wgwﬁmtr (x,v) and m (x,v) defined for m=1,2,..., and for m>»ll by the
wmwﬂdwus Ls+£h% %v:n ﬁm_wv and mS+FAA %Vum (x,y), such that: if,
for arbitrary i and u_ x and y 2re chosen do satisfy the equatinn

| wwﬁxuwvuhuﬁﬁ.%v_ then these same values »f x and y satisfy the

| . : , |

_ gquations hw+rrﬂumvﬁruﬂsﬁﬂhwv for mm% n, then dJomo homoagencnus
linear forms satisfy the equatinn M T x,¥) ] HM Tw X,V Hw i

me=1
& k=0,1,...,(k-1), provided . _(x,y) d H+p y ond B (x,y)=p xtq, _,v.

T The main Hmmdwﬂﬁmaﬁ us m@ is the wJHquwﬁn @zwdm general
iy

| Thenrem 5. If ...V.. Trj X ...M m_ (s ﬂ:W for k=0,1,...,(1-1),

| =1
! ?H_aa being any polynomials in Hu% tw& 1f x,y are so chnsen taat

# bwﬁa,wuumuﬁm_wv_ then all the A .are equal t» the B, in some »rder.

m% chnsing z to bec the roont »f the characteristic pnlynonmial
equation (I) yields a non~-trivial parametric solution in four
@wmaoﬁmwa 2,0,x,y of the minimol Tarry-Escott problem »f the ~rder
mﬁ 1) in Hadomrwm belonging to the ring »>f the roots of 2.-(z) over

that of the rational integers. An example for =12 is ﬁwqmb.

Twn hypnotheses are Tormulated. The first hypothesis asserts
that the mowﬁaw_zc cbtaincd from »Hur main thenrem for values »of 2z
ror vhich u )=0, are the o2nly linear parametric solutions nf the
problen. eﬁ¢ mrodsa hypnthesis asserts that for cvery i» there exists
8 parametric s»nlutinon wherc the 4 (x,y) and mﬂﬁﬂ.%u are phlynmmials

2f the degrcece of the polyn-mial wmh V.
v
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RulMAiRKS O MY PLPAR "EXTENSIONS OF WOLSTENAOLME'S THHEOREMM
(Summary)

Nathan Eljoseph

In the above-nam:d
Vol., 4, pp. I-14, I made e- ngive
numbers of Bernoulli. In this paD
theorems of that pa D Lth u
root mod @w.

METHOD OF PROOF.  If k=(p-1)o°u where Ofs¢e~-1, nfu I prove
n

paper which has apoeared in this Riveon,
Xtensi use of the properties of the

L show how to prove all the
se 0T the concent of orimitive

(D
™

Kk 2
gruence x =1 mod p° are

that a 1 1 the solutioms of the cor

I5 n-1)r _ . O B 3 =1~
_bﬂﬁpum u..._mﬁ / } mhere & is a primitive root mod wv_ r=p >
S ! ol €y =—. Ik :
and n=p~(»-1). Hence 11 uwﬁu ) = dr where t is smaller than and
# = rm = - - m f i : ._.....-l- '
coprime to p~ then I {p~)=p Fulpaww 't", the sum for all the ﬁw

belonging to different resldue classes mod p°. Hence:

= > =1 .
By .8 o k 5 B . . : .
Hwﬁc unw nguHVMv Amuv mod p . LT 1s easily seen that the sum is
J =0 |
o 8—-1-8 gFZH Al o=1 . =1 ' T
congruent to p mod o~ T when sy=z-. If 5<=5= put k'=¢(v*)-k
_ € e S B -
and T, 4 (p umﬂﬁh@ ) mod p
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PROOF AND EXAMPLES THAT THE EQUATION OF FERIGAT'S LAST THEOREM
1S SOLVABLE IN INTEGRAL JUATERNIONS

Abraham Birman

( Summary )

First it is proved that the sum of the wﬂﬁ powers of two
@cmdmwﬁwowoomucmmdmmHmmwmmwmcﬁwmw.

If d4 and q, are quaternion conjugstes with rational integral
coefficients: | .
11785780 T80 85055 Ap=a,-a; ) -85 ],-8,]5
and 1f we choose the coefficients so as to satisfy the (solwvable)
UwuwsmdeSm.m@cmeaﬁ"_
wmmumw+mm+mwu we have: @M+@MnmmmAH+H\wv@+AH:H\wu@Muﬁmmovﬁ.mOawmwm.

If p is an o0dd rational Integer not divisible by 3 (but not

necessarily a primse), nommww ﬂwwwsm@@zmw do.w, mOdwma"

5
|8,
a4, %4, ) !

If we set, for exampnle, A =0, =8,
between UNITIES of the field:

i Pty La B
ﬁH+LH+um+uWu +AH QH um uww =2

i

Hmwo

i

muu we shall obtain a relationn

mmﬂwwsm maupw_ mHnHﬂ“ mwnﬂu mwnm_ we obtain A definitely non-trivial
52 L £ 1%

Eesults Lk 5
b gma 4 24 - ‘ T = 2 _naP
ﬁgp+wﬂup+ﬂum+muwv_ (11-17§,-73, 5]3) =22

IT p is divisible by 3, thesc results are no longer correct. But it
1s possible to find »ther solutions for the case »=3. In ract,

setting:

.W;ﬁmnmw+ﬁw+mw (s9lvable for certain values of k)

we T'ind that our basic equation is snlvable,in. cubes, for such r2lues
g Kk as 11, 85, etc. |

for k=11, maupu muuw_ mmug_ a,=1, we have:

5
(14351 +3,+33) 7 +(1-35 =3 5= 5)3=(-4) 3
FOr biquadrates it is proved that the umww_mngdwuw in integral
quaternion conjugates is K=3%, which has already been discussed. I+t 18
conjectured that the same result holds for higher powers. Therefore
the number of solutions is rather limited.
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21" a1 mod n T%°3W3T n QP DOWDZ HIO-1°R NINS¥H

179° 3%

Qwa "Ab*mM73

Remarque sur une hypothése des Chinois concernant les nombres ﬁmﬁamv\b.

R W. Sierninski mes9n (Collnquium Mathematicum I (1947), »n. 9)
20 MN3INITXIPA N2pnp BYrTamam n O%P*9D D*9DOD MYO-1°K Yo onIX*¥D

!DIXNI L, °p03°DT T Sm o Anx¥an3 09310 Nk kcay L oRtd
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k=21,
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"1) T« Banachioewiez y Comptes rendus de la Soc. des

S¢. et de Lettres de Varsovie, Classe III, Année 2 (1909), »n.9."

M7 T Y m 32 an B 217pD-K3 3ANID TIND NTDY noavon (2n
IMIKD 1DT3 DX="D *9*290 NKY *2%00 Nk K¥p XY KIAm RYK) AyYao pacaa
;001 ,("nae

941=11,31, 561=3.11.17, 645=3.5.43, 1105=5.13.17, 1387=19.73,
1729=7.13.19, 1905=3,5,127.;n
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-n=F %35 L B mod n (1)

. T = - o le_.“_.
D®?3108R" D°9p02 20 mauuﬁ+u oK ,n=F F__, 552 =l mod n (2)

Am J>1 =9

>33 en _mmnmuﬁmIHVAm+Hv ninTtn TI0°-%y | noxa

o 52 =1 92 =1
2 ~1 =(2 -1)(2 +1)
52 =1 52 a2 52 =2
2 -1=(2% -1)(2 #3. )
. otils aeil e
2% a1=(2%7 TL1)(2?7 e
mﬂ+p oMM oIl
2 -1 = (2% -1)(2% +1)
!?3P3 07DNIORA DOn9133 pavmy MAR=AIR D52 *7°-byp,
mmE mmEIH mmﬂlm mmﬁlm ME+H PRl ol
2 -1=(2 +1)(2 +1)(2 1 )ss. (2 +1) (2% +1).(2% 1) (3]
XX03 D322 ,m>1 71a@ y 7700 DO?%°DID O 310K 007137 NoIbD mrs
m
o!

(1) nx m 2107 a» ,2° +1 p=1an

0%33% D**3170X7 09002 O Q- P OX *3 ,3% Yx po93 (2) nnasn anb

, NDXS .mw@nm.ﬁﬁum nq) T8 ,2%ap (mod q), o9us (mod p) =1

%92 .27 Y=g (mod q) 13 X%1°31 ,A090 ppod 5y 52°%mslus (mnd p)

19%1 ,2% 1y (I1) 1o nyasa 2%=2 (17) MUXIRINAIIPD (8 2P s (nng 0q )
ot 1 olll
(g=2 t1 ,p=2"7 +1 :D°®I OX) D3DXKY .AIIINMKT DK N>5185 o9
mmﬁ+u mmﬁ amﬁ Jn
2 =(2 )" =1 (mod 2° +1)
Mt
;03X 23p3 ,(3)=2 %°2n vo°sIp oF +1 099307 9°RIa L, 190K
oM
o < m+i
o< =1 (mod 2° +1)

.(2) nx m°3%27 8n
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1) L. &. Dickson, History of the theory of numbers I, p. 94.
» 82, 770PT2 R20h [, Cinnlla wownn IMI'L 39p2 X170 3T UOHDD (2
229 TIEN

3) Hardy-Wright, An introductisn t» the thenry »f numbers,
second edition (1345), p.71-72.
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LXISTENCE OF AN INFINITUDE OF COMPOSITE n FOR WHICH mwlpup {I0D n
Dov Jarden
( Summary )
In Chlloquium Mathematicum I (1947), p. 9, W. Sierpinski
proved the existence of an infinitude of compnsite numbers n

. . ~n=1
satlsfying the congruence 2 nH“.

— -

m,ﬁ

i3

¥

°d n, using the fact that, if
H..—.-IN . . . 5 - e . .Im
2 -1 1s divisible by n, then

O

-1 is divisible by 2%-1. The

alnm 2f the present note is to prove Sierpinski's result by the

m
: . , 2
following two very slmple properties of the Fermat-numbers MENMI L -
n=-1
(1) 2 =1 mod n for every mu@ﬁ.
(2] 2P et mod n for n=F F if B.. F are primes and m>1
m m+i m> “m+1 - h

Aouﬁwmwo Dickson, History »f the Theosry of Numbers I, D= 34).

Now, the number of compo2site F_ is either infinite, 2r finite. In

_—.I.-l
1.1

the first case, (1) pProves Sierpinski's result. In the second case,

1t follows that, for a certain nositive integer m>1, gll the numbers

Fy, K=m, m+1, m+2,..., are primes. Then, supposing swwww where

| I o
L2m, we obtain Sierpinski's result by (2).
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